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Scattering of a light beam
from waves at an air-sea interface
William H. Carter and Donald D. Duncan

The authors report a new theory that describes the scattering of an upward propagating laser beam from
the sea through the air-sea interface in the presence of sea waves. The sea is assumed to be a uniform
dielectric and conventional scattering theory is employed by using a modification to the first Born
approximation that permits treatment of surface refraction phenomena. Methods of statistical radiometry are also used in a new manner by assuming that the surface scattering function for the sea waves can
be treated by a quasi-homogeneous source model to calculate the second-order correlation functions for
the partially coherent scattered field. These correlation functions yield a simple expression for the
radiant intensity of the scattered field as the convolution of the Fourier transform of the complex degree
of spectral coherence for the sea waves with the squared modulus of the angular spectrum of plane waves
for the incident laser beam. We believe that this theory is a significant improvement over the models
that are usually used for modeling this phenomenon.

1. Introduction

We report a theoretical study of the scattering of an
initially coherent laser beam that propagates from
the sea into the air at the air-sea interface in the
presence of sea waves. For this study we used a
scattering theory model' based on an improved first
Born approximation described in this paper and
methods developed in statistical radiometry 2 by using
the quasi-homogeneous source model.3 We obtained
an expression for the radiant intensity distribution in
the far field of the radiation that was scattered from
the illuminated area on the sea surface. This problem is important to the U.S. Navy for developing laser
systems to communicate from submarines to aircraft.
In previous engineering studies4 it is usually assumed that the radiation is thermal so that geometric
optical techniques (which ignore interference effects)
can be used to calculate the transmission of the light
intensity through the air-sea interface. The air-sea
surface is usually treated by tracing rays through
multiple reflections by using Monte Carlo computer
simulations. 5 And the structure of the surface itself
is usually modeled deterministically by using meaW. H. Carter is with the U.S. Naval Research Laboratory,
Washington, D.C. 20375-5351. D. D.Duncan is with the Applied
Physics Laboratory, The Johns Hopkins University, Johns Hopkins Road, Laurel, Maryland 20723-6099.
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sured sea wave data.6 7 None of these techniques
accounts properly for the high coherence of incident
light, if a laser beam is being considered, or for the
effects of the motion of the sea waves on reducing the
coherence of the transmitted light. The coherence
of the transmitted light frequently has a large effect
on the radiant intensity that is measured far above
the surface. Therefore it is important to take into
account the coherence properties of the transmitted
light that are due to the effects of the sea waves.
In the present analysis we make no assumptions
about the state of coherence of the light at the sea
surface. Instead we assume that the sea waves
themselves have an area of coherence that is spatially
stationary in a statistical sense and is also small
relative to the distance over which the average scattering potential of the interface changes appreciably.
From these assumptions about the interface we calculated the second-order correlation functions that
describe the state of partial coherence for the scattered light.
It is believed that this analysis is a step toward a
more realistic model for this important engineering
problem.
We also study the scattering of a single plane wave
that is incident on a deterministic air-sea surface
from below by using this model. We find that the
improved first Born approximation (which requires
an assumption of homogeneity for the scattering
potential of the sea) leads to an expression that is
similar to Snell's law. A similar theory that uses

only the conventional first Born approximation does
not treat refraction at the surface. Thus the improved first Born approximation used here is significantly better for treating surface scatter in applications in which the scattering medium is homogeneous.
In Section 2 we derive equations for the angular
spectrum of the scattered field as a function of the
surface scattering function for sea waves. In Section
3 we use these equations to study the scattering of a
single, normally incident, plane wave by a sea surface
that is characterized by a deterministic sea wave
function. In Section 4 we use the equations from
Section 2 to calculate the radiant intensity of the
scattered field from a sea wave structure that is
random and that is assumed to be represented by a
quasi-homogeneous source model. Finally in Section 5 we generalize the theory developed in Section 4
to treat the scattering of an arbitrary, coherent laser
beam from this sea surface.
2.

Surface Scattering Theory

Consider a monochromatic, coherent laser beam that
propagates from sources within the sea and is incident from below on the surface as shown in Fig. 1.
The incident laser beam is partly reflected at the
sea surface and partly transmitted out into the air as
shown in the figure. We are concerned with the
effects of sea waves on the radiation pattern of the
transmitted light in the far field of the surface. We
can neglect the reflected part of the laser beam. In
order to apply conventional scattering theory to the
problem of the interaction of the laser beam with the
sea waves, it is convenient to treat the sea as an
infinite dielectric slab, with constant index of refraction no immersed in free space. Let the x-y plane be
just below the surface of the sea and let the sea extend
down to some constant finite depth d, as shown in
Fig. 2. Later in this analysis we let d approach
infinity so that the sea fills the z < Ohalf-space.
For purposes of our model we assume that the laser
beam originates in free space and propagates from the
left, through a fictional planar interface, into the slab
that represents the water. We can neglect reflection
and refraction at this first surface since we are not
interested in the fields in the fictional region to the
left of the slab. The total light field inside the water
(neglecting the reflection of the laser beam from the
transmitted
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Fig. 2. Dielectric slab used to treat sea wave scattering of
coherent light.

sea surface to the right) can be decomposed into the
incident field plus a scattered field. To the right of
the slab the total field, which corresponds to the laser
beam that is transmitted through the sea surface into
the air, is also decomposed into an incident field plus a
scattered field. It is the radiant intensity of the
scattered part of this transmitted laser beam that we
study.
Following the usual procedure for treating scattering from objects contained within an infinite slab,' we
note that the total field amplitude at any point in the
source-free region of space shown in Fig. 2 is given by
the homogeneous Helmholtz equation 8 :
[V 2 + n2 (x)k 2 ]1,(x) = 0,

(1)

where x is the radius vector from the origin to some
arbitrary point, n(x) is the index of refraction at the
point, and k = 27r/ X is the propagation constant for
free space. The incident field is defined to have a
field amplitude given by
(V2 + k 2)Qi(x) = 0,

(2)

so that it is the field that would be present everywhere if the dielectric slab in Fig. 2 were absent.
The scattered field is defined to be the difference
between the incident field and the total field, i.e.,
*s(X = qj(x) - Oix).

(3)

(V2 + k2 )Q1(x) = k 2[1 - n2(x)]*,(x)

Sea surface
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The scattered field represents the perturbation to the
incident field that is due to the presence of the slab.
By substitution of Eq. (3) into Eq. (1) and using Eq.
(2), we have
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Fig. 1. Actual orientation of the sea surface and the coordinate
system used in this analysis.

(4)

for the scattered field.
By solving Eq. (4) for the scattered field amplitude,
we get8

iIS(x)

=

fffF(x')Qt(x')

xp( x-X

I)dlx'

(5)

sea slab
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where the scattering potential is defined, as usual, by
-. k2
F(x' = [ - nl(x')],
4,rr

(6)

and the domain of integration in Eq. (5) is over all the
points that are within the water. If there were no
sea waves this would be just the slab shown in Fig. 2.
However, if sea waves are present, the integration
must extent above the z = 0 plane to some plane z =
z, that is above the tops of the waves.
We note that, since the total field includes the
scattered field, Eq. (5) is not a solution for the
scattered field. To find a useful expression for the
scattered field it is usually necessary to make a
limiting approximation. The most common, the first
Born approximation, assumes that the total field
inside the slab can be accurately approximated by the
incident field alone. Substituting the incident field
for the total field in Eq. (5) gives an approximate
solution for the scattered field. The first Born approximation is valid only if the scatterer is weak so
that the scattered field makes only a small contribution to the total field inside the slab. This is clearly
not true of seawater. There is a much better approximation that we can make if the index of refraction
inside the water is constant. By using macroscopic
electromagnetic theory, we assume that the main
effect of the seawater is to modify the incident field by
changing the propagation constant wherever it appears in the expression for the incident field from that
for free space to that within the slab, i.e., k -> n0k.
Thus we replace the total field inside Eq. (5) with a
modified incident field Wi(x) to obtain

I JJ
F(
F X'i(x)
,

exp(ik x - x'I) d3 x'

Ix -X

l'

(7)

Since we are interested only in the interaction of
the laser beam with the sea waves and the effects this
has on the transmitted light, we can restrict our
calculation to the scattered field at points in the z > 0
half-space. This corresponds to the region to the
right of the slab in Fig. 2. Over this region, we can
transform Eq. (7) by substitution from Weyl's integral [see Ref. 9 and Ref. 10, Eq. (55)],
-

1 ex
m

+q(y-y')+mz-z']dpdq, (8)
into Eq. (7) to yield an expansion of the scattered field
into an angular spectrum of plane waves in the form

3288

G(p, q)

(10)

m

In deriving Eqs. (9) and (10) we have defined
G(p,q) =

J

G(x', y')exp[-ik(px' + qy')]dx'dy',
(11)

the Fourier transform of the surface scattering function, which is defined by
G(x', y') = -ix

F(x')i(x')exp(-ikmz')dz', (12)

where z = z+ defines the plane just above the sea
surface and above the tops of any sea waves that
might be present.
We can continue our analysis in several different
ways from this point. We can either assume some
deterministic model for the sea waves or use a
statistical model instead. Also, we can assume that
the incident laser beam can be treated as a simple
plane wave to make the analysis simple, or we can use
a more realistic model and obtain more complicated
results. Each of these approaches has its advantages.
In Section 3 we use the simplest model of a single
incident plane wave that propagates parallel to the z
axis and is scattered by waves of known form.
3. Scattering of a Normally Incident Plane Wave
From a Deterministic Sea Wave Structure

Let the laser beam be approximated by a single plane
wave incident parallel to the z axis. As discussed
above, we assume that the total field inside the sea
can be usefully approximated by the modified incident field given by
(x')

1
qi(x') = J o exp(iknoz).

A(p, q)exp[ik(px + qy + mz)]dpdq,

F(x') = 4,r [ 1-

no]-

= 0 otherwise.
2

2

2

= (1

_p - q )1/

= i(p

2

2

+ q

-

1)1/2

ifp

2

+q

2

otherwise,

< 1

(9)

APPLIED OPTICS / Vol. 32, No. 18 / 20 June 1993

(13)

In this calculation we assume that the sea waves can
be characterized by a known, deterministic waveform
f(x, y), which is defined such that the surface of the
sea embedded in three-dimensional space is given by
f (x, y) = z. Since the index of refraction is given by
no everywhere within the water and unity everywhere
else, from Eq. (6) we have the scattering potential:
k2

(X)= J
m

G(x', y')exp[-ik(px' + qy')]dx'dy'

A(pq) = 1

7

sea slab

-ik
exp(iklx-x'I)
= 2rr
Ix-x'

where the plane-wave amplitudes are given by

Fo if - d < z' < (x', y')
(14)

After substitution from relation (13) and Eq. (14) into
Eq. (12), the expression for the surface scattering

function becomes
G(x',y') = -iXtoFo

exp[-ik(m - no)z']dz'.

f

-d

(19) into Eq. (3) we have an expression for the total
field transmitted out of the sea into the air, but
neglecting the contribution from the second term in
Eq. (18). This gives
*t(x) = (1 - iFod/2)o exp(ikz).

(15)
The integral in Eq. (15) can be evaluated by use of the
Fourier transform of the Heaviside function as tabulated by Bracewell (see Ref. 11, p. 420), i.e.,
exp(-2'rixE)d, = (2)-

2x

0~~~~~~

(16)

G(x',G~'y)d-c
y')
-i 2 Fo

(r

-

no) + 'ri

-

no)

x exp[-ik(m - no)f(x',Y')IJ

x exp[-ik(px'
=
2rn

+ qy')]dx'dy'

X28(p)8(q)8(m-no) +

xf f

7pr(rn -no)

n)

exp[-ik(m

-

no)f(x',

2

wf F

afx', Y')

af(x', ')
(18)

On substitution from the first term in Eq. (18) into
Eq. (9) we get

Ps~x)
=

8(p)8(q)8(m-

no)

InJ

2

x exp[ik(px + qy + mz)]dpdq
=-iXAoFod

exp(ikz)/2,

(21)

The integral over p and q in Eq. (21) is just the
summation over the plane waves of light that have
been scattered in different directions by the sea
waves. The factors of the kernel in braces give the
angular spectrum of these plane waves. Thus the
angular spectrum of the scattered light is proportional to the integral overx' andy' in Eq. (21).
This integral over x' and y' can be evaluated
asymptotically for large k by the stationary phase
method. Each stationary point in the phase of the
kernel contributes to the amplitude of a single plane
wave that propagates in the direction given by the
unit vector p. To find the stationary points, it is
necessary to set both of the first derivatives of the
phase with respect to x' andy' equal to zero and then
solve the two resulting equations simultaneously to
get the stationary points for x' and y', i.e.,

ax,

y')]

X exp[-ik(px' + qy')]dx'dy' .

f

- no)

exp[-ik(m - no)f(x' y')]dx'dy'

ay'

-iX2 oFo
F0

{m(m

(17)

-iX 24ioFo
2rX 2

J

=

x exp[ik(px + qy + mz)]dpdq.

no)f(x',y')1J.

On substitution from approximation (17) into Eq.
(10), we have

xJ

s~(x)

x

- no))
no) + 7(rnmrn(m
-

x exp[-ik(m -

=

Clearly Eq. (20) gives the specular component of the
total transmitted field that is not scattered by the sea
waves. Under most actual conditions this contribution will be small. The field that is due to scattering
from the sea waves is given by substitution from the
second term in Eq. (18) into Eq. (9) to yield

,r

To evaluate this integral we let d become large and
employ Eq. (16) to obtain

A(p, q)

(20)

(19)

where we have used the fact that the remaining delta
function, (0) = d/X, comes from an integral that
represents the depth of the sea in wavelengths.
Finally, by substitution from relation (13) and Eq.

-P
m -no
-q
m - no

(22)

Equations (22) give the location of the points on the
z = 0 plane that have the proper wave slope to scatter
the incident plane wave in the direction given by the
unit vector p = (p, q, m). It can also be interpreted
as an equation that gives the directions of the scattered plane wave, p = (p, q, m), for a single incident
plane wave that propagates in the direction p =
(0, 0, 1) as a function of the local slope at point (x', y')
as given by the sea waveform f (x', y'). Interestingly,
we can show that Eqs. (22) turn out to be formally
identical to Snell's law at each point (x', y').
To show this we need only identify the unit vectors
that are normal to incident and scattered plane waves
with unit vectors in the direction of incident and
refracted light rays at some point (x', y'), respectively.
Plane-wave normals and light rays are related by the
20 June 1993 / Vol. 32, No. 18 / APPLIED OPTICS
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fact that the field amplitude at any point in the far
field of the origin is proportional to the complex
amplitude of the plane wave that propagates in the
direction of the point from the origin, as shown by Eq.
(44) in Ref. 12. Thus we can associate plane-wave
normals near the origin with light rays from the
origin to points in the direction of these far-field
points. The formal identity of Eq. (22) with Snell's
law can then be shown by considering the scalar
components of the vector form of Snell's law,' 3 i.e.,

n x p = n(n xpi),

(23)

where the x and y components of the unit vector n,
normal to the surface of the water, are given by
af (X', y')
ax'

af (x,y')

=
=-n

_n,

(24)

pi is the unit vector in the direction of the incident
light ray, and p is the unit vector in the direction of
the refracted light ray as shown in Fig. 3. Since we
can associate the unit vectors in the directions of
these light rays with the normals to the incident and
scattered plane waves, we can set pi = (0, 0, 1) as
assumed in relation (13). This procedure leads to
three scalar equations. Two are identical to those in
Eq. (22) and the third can be derived from the first
two.
We have shown that scattering theory can properly
account for both the specular and scattered parts of
the transmitted laser beam. Moreover, we have
shown that the refraction of the field at the air-sea
boundary, as given by Snell's law, is treated by Eq.
(21) for the scattered field. Refraction does not
follow from scattering theory if the Born approximation is used, but it clearly does so if the modified Born
approximation assumed here is used instead. Finally, Eq. (21) also accounts for the effects of wave theory
diffraction of the incident light from the sea waves.
To show this requires further evaluation of this
equation. However, without knowingf (x,y), we can-

not integrate Eq. (21) to calculate the radiant intensity of the scattered field.
We should remember that the sea moves in time.
To calculate the radiant intensity of the light scattered from the waves at each instant of time it would
be necessary to know f(x, y), the precise two-dimensional waveform for the sea surface at that moment.
This is almost never known although considerable
data that describe properties of this function such as
the squared modulus of the averaged two-dimensional Fourier spectrum of f(x, y) have been measured and recorded.' 4 Fortunately, the instantaneous radiant intensity is not usually of primary
interest. Far more important is the time-averaged
radiant intensity of the time-fluctuating light field.
For this it is convenient to employ the quasihomogeneous source model to describe the statistical
behavior of the sea waves and then employ the
methods of the theory of partial coherence to deal
with the partially coherent scattered light. This is
described in Section 4. From this calculation we see
that this scattering theory gives diffraction effects as
well as refraction.
4. Scattering of a Single Plane Wave from
Quasi-Homogeneous Random Sea Waves

If we assume that it is only the time-averaged radiant
intensity of the light scattered from the sea waves
that we can measure, and if we assume that the
period of this time average is long relative to the
fluctuations of the light that is due to the motion of
the sea waves, then the theory of partial coherence
provides powerful methods for predicting the measured data.
We assume that the sea waves move randomly in
time so that the scattering potential in Eq. (12) can be
treated as a random process. Furthermore, we assume that the process is ergodic so that ensemble
averages can be used in place of time averages.
Finally we assume that the sea waves move slowly
relative to the period of the monochromatic incident
field and fast relative to the averaging time of the
light detectors that are used to measure the radiant
intensity in the tar field.' 5 Under these conditions it
is useful' 6 to describe the scattering potential by use
of the cross-spectral density function
WF(Xl', X2 ') =

x
scattered field

Incident field

_ Z

water
n = no

rf

air
n= 1

(F(xj')F*(x2 )),

as is usually done for fluctuating fields, where the
angle brackets denote an ensemble average. The
light from the coherent laser beam, after scattering
from the sea waves, becomes partially coherent.
Thus it is useful to define, in the usual manner [viz.,
Ref. 10, Eq. (76)], the cross-spectral density function
W' 8(x1', X2 ') = ((X1')*s*(X2

and the angular correlation
Fig. 3. Unit vectors appearing in Eq. (23) for the vector Snell's

)

(26)

function,' 7

S41, P2) = (A(p1)A*(p 2 ))

(27)

for the scattered field. On substitution from Eqs.

law.
3290

(25)
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where the variables on the two sides of this equation
are related by

(10) and (12) into Eq. (27) we get

YI(Pl, P2)
1
-X

II

III

X+= 2
1V~WXl,

(28)

We now assume that the modified incident light field
is a plane wave that propagates in a direction given by
the unit vector pi = (pi, qi, mi ), i.e.,
+(x) = hi exp(ikn 0 pi x).

(2'

.

On substitution from Eq. (29) into Eq. (28), we have
-W(Pl, P2)
2M l2
z+lo
2mm
*
J
-c
J-co
J-d
J-c
2

exp[-ik[(p, -

x

nopi).

jc

fz+

J-c J-d

WF(X', X2 ')

X'

- (P2* - nopi) X2 ')]d 3Xl'd 3 X2'
.

4MlM2* J.x.

9

Y

X2')

X exp[-ik(p, x1' - P 2* x 2')]d 3 x,'d 3x 2'.

X 2 ),

X

= (X'

x1

x1=x+
~~~+ 2

X2

X+--X

-

=-

- = (Yl' -Y2)

Yl = y+ +Y2
Y2' =Y+

2

'
(33)

2.

It is assumed, as usual, that IuG(X-, y) is a fast
function 8 relative to IG(x+, y+). In analogy to the
usual nomenclature for the correlation functions for
fluctuating fields in coherence theory, IG(X+, y+) is
called the intensity of the sea waves and iG(x, y-),
which is a properly normalized correlation coefficient
for the fluctuations of the sea waves, is called the
complex degree of spectral coherence for these waves.
On substitution from Eq. (32) into Eq. (30) and
transforming to the plus and minus coordinates by
using Eq. (33), we find, using the well-known Fouriertransform properties of a quasi-homogeneous source
function, 3 that

(Xl', Yl', X2% Y2')

-W(Pl, P2) = mXm2

x exp{-ik[(p, - nopi)xl' + (ql - nOqi)yl
- (P2 - nOPi)X2' - (q2 - nOqi)Y2 ']}dXl'dYl'dX2'dY2',

(30)
where the correlation function for the surface scattering function is defined by

A)

1LG

(34)

where the coordinates on two sides of this equation
are related by
P-

Pl -P2,

q- =ql

(Pl + P2 - 2nopi)

9

(Yl' + Y2 )
2

+ X2 ')

(x'

{x {x jz+ MaxMaxCz+

~

-q 2 ,

(q,+ q 2 - 2noqi)

(X',Yl', X2, Y2 )
-

A2
J f

= + +np
=+

WF(xl', x 2 ')exp{-ik[(m

(m 2* - nomi)z 2 ']}dzl'dz 2'.

(31)

This function is a correlation function for the sea
waves between two points (x', yl') and (X2 ', Y2') on the
sea surface. The dependence on ml and m2 would be
expected cause this junction to drop off sharply as
either of these components differed appreciably from
nomi in the same manner as given by Eq. (17) for a
normally incident plane wave. We assume that this
dependence on ml and m2 will not be significant in the
following analysis just as it was not in the calculation
leading to Eqs. (20) and (21). For simplicity, the
dependence on ml and m2 will be dropped from the
notation. Rather than trying to evaluate Eq. (31) in
a manner similar to Eq. (15) in the Section 3, we now
simply assume that V is quasi-homogeneous over its
dependence on (x', yl') and (X2 ', Y2), i.e.,
(X', Y',

q, =q+

X2 ', Y2)

= IG(X+, Y+,)G(X-, y),

(32)

P2 = P+ + nopi-

+

q,=
~

P-

.

=

2

-nOmi)zl

2 '

2~~

2'

Oqi +

~

q

q 2 = q+ + n0 qi - 2

(35)

and the tilde indicates a two-dimensional Fourier
transform, such as
iGPA'

A

)

=

A

f

f

IG(X+,Y+)

x exp[-ik(p-x+ + q-y+)]dx+dy+, (36)
(G

|
ff

A)=
X

G(X-,Y-)

exp[-ik(p+x- + q+y-)]dx-dy-.

(37)

The radiant intensity in a direction given by the unit
vector s = (sr, s, s) from the origin as shown in Fig. 4
is given as a function of the angular correlation
20 June 1993 / Vol. 32, No. 18 / APPLIED OPTICS
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by using Eq. (39) is most easily shown by the following observations. The peak of the scattered field is
generally in the same direction as the incident plane
wave after refraction at the surface. The field falls
off, away from this direction as the Fourier transform
of the complex degree of spectral coherence of the sea
wave fluctuations. Consider the uncertainty principle for Fourier conjugate variables, i.e.,

x
scattered field

incident field

-Z

air

water

y

AsAx 2 X/(27r),

Fig. 4. Unit vector from the origin in the direction of the radiant
intensity carried by the scattered field into its radiation zone in Eq.
(39).

function by [see Ref. 12, Eq. (44)]
Jl(s) = X2s!2SW(s, s);

(38)

therefore, on substitution from Eq. (34) into Eq. (38)
we have our result:
J (s)

-

X2j l121o(0, O)HG[(sx

nopi), (s - nqi)].
(39)

From Eq. (39) it is clear that the angular dependence
of the radiant intensity of the scattered laser light in
the far field is determined completely by the Fourier
transform of the complex degree of spectral coherence
for the sea wave fluctuations. All other factors in
Eq. (39) are constants of direction. The physical
significance of Eq. (39) is illustrated schematically in
Fig. 5.
The index of refraction in Eq. (39) accounts for
refraction of the incident plane wave at the interface
as described in Section 3. However, Eq. (39) also
accounts for wave theory diffraction effects on the
scattered light from the interaction with sea waves.
These effects are not treated by the usual geometrical
optics models. The treatment of diffraction effects
Far Field Region

~-

Center of Pattern

Jco
(s)
/

Light

Due to Refraction.

' A/ Radiant Intensity
=^,

o/

,/

Complex Degree
of Spectral
1 Coherence I9G

0

Incident

-

Plane Wave

/p

/

Sea Surface

Fig. 5. Schematic diagram of the physical significance of Eq.
(39). The radiant intensity as a function of s for the incident plane
wave after scattering from the sea surface is effected only by the
Fourier transform of the complex degree of spectral coherence of
the sea wave fluctuations.
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sin 0

/(2rB).

(41)

Clearly, therefore, Eq. (39) accounts for diffraction
effects that are due to the interaction of the light
wave with the sea wave, which are not accounted for
by geometrical optics. It appears that the correlation length 8 for the wave motion behaves like the
diameter of a diffracting aperture with respect to the
spread of a scattered laser beam.
5. Scattering of a Laser Beam from
Quasi-Homogeneous Sea Waves
The calculation presented in Section 4 can be generalized to treat a coherent beam rather than just a single
plane wave. Any linearly polarized electromagnetic
beam field can be expanded into an angular spectrum
of plane waves in the form 9 20

= fi(xc jc

Ai(pi, qi)

/

.'

Unit Vector

where As is the variance of a typical component of
unit vector s in Eq. (39), and Ax is the variance of the
Fourier conjugate [see Eq. (37)] component of x_, the
separation of the correlated points on the surface of
the sea waves. If the sea waves are correlated over
dimensions of the order of some radius 8, which is
large relative to a wavelength of the incident coherent
light, then from inequality (40) it is clear that As will
typically be small so that the scattering will be mostly
in the direction s = nopi given by geometrical refraction of the incident plane wave. However, as
becomes smaller, it is clear from inequality (40) that
As must increase. Thus, from inequality (40) we see
that the divergence angle for the scattered light beam
0 must become larger in such a manner that 0
satisfies the well-known equation for the diffraction
angle of coherent light diffracted from an aperture
with a diameter 8, i.e.,

/

/
/

Scattered in
the Direction
given byX

(40)
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x exp[ikno(pix + qiy + miz)]dpidqi.

(42)

We use the field in Eq. (42) to represent the modified
incident beam field inside the sea. The expression
for the angular spectrum for most common beams is
well known. For example, the angular spectrum for
a simple Gaussian beam that propagates with a beam
axis coincident with the z axis and is focused in the
z = 0 plane is 9

Ai(pi, qi) = AO exp[-k2 nO2 r2 (pi2 + qi 2 )/2], (43)

where AO is a constant and a is the radius of the beam
in its focal plane. We again assume that the sea
waves are quasi-homogeneous so that Eq. (32) is
valid. Thus, on substitution from Eq. (43) into Eq.
(28) while Eqs. (31) and (32) are used, we have

and the two-dimensional vectors p+ and p- with
components given by
P- = P1- P2,

q-

(P1 + P2)

F+=-

V=

2

(P1, P2)

= q,

2

Pa_

=2rnm 2

q-

P1=P++2 '

i qi')
JAL(Pi
A*

J Ai(Pi, qi)

c

q-

-cc

J-cc

d

-cc

-cc

P2 =P+- 2

z+

d

WF(X1, X2 ')

x exp[-ik[(pi - n0 pi) x' x d3 X,'d

3

2

x 2'd

-

nopi')

*X2.)]

=q+- 2-

By transforming coordinates in Eq. (44), using Eqs.
(46) and (47), and then using Eq. (45), we can evaluate
the integrals in Eq. (44) to get

Ai(pi, qi)

f

c

O'(POP2)

Ai*(pi', qi')

no2M1M2

X

=G

x Aipi +

7

Jc

q2

pid2 pi'

X4 m2 I XJ
xJ

(P2*

(47)

lq+2'

_P-

c

cxcpcz+lc

-

-q2,

(q, + q2 )

)Ai*(Pi+ - P )d2Pi+.

(48)

9 (Xl', Y1', X2', Y2')

Finally, by substitution from Eq. (48) into Eq. (38),
we have the result

x exp{-ik[(pj - nopi)xl' + (ql - nOqi)yl
- (P2 -

nopi')X2 '

+ (q2 2

noqi')y']}
JS(S) =

2

x dxl'dyl'dx 2 'dy 2 'd pid pi,

m1m 2 c

Ai(pi, qi)

IAi(s/no)12,

(49)

where the asterisk denotes a convolution of the form

fcAi*(pi, qi')

IJG(

X

-4 LG(S/X) *

no4

*

Ai(g) 12

~ |P+-nopi+ q+ -noqi+)
-

X IG(

-

opi

, q7

noqi-)d2pid2pP

fcc fcc AG(g -

g')Ai(g')Ai*(g')d2g.

(50)

(AA1

'_) From Eq. (49) we note that the radiant intensity of
the scattered light in the direction s from the origin is
m
as
proportional to the Fourier transform of the complex
where the tilde again denotes a Fourier transfor
degree of spectral coherence for the sea waves condefined in Eqs. (36) and (37). If we assume thal ; the
volved with the squared magnitude of the angular
function IG(X+, y+) in Eq. (32) is so slowly varying that
spectrum of the incident field. The transmitted
it can be treated as a constant over the illumin ated
beam spread is increased due to refraction at the
area on the sea surface, then its Fourier transfor m is
interface as shown by the resealing of incident angugiven by
lar spectrum by the index of refraction of water.
This beam spread is also broadened by diffraction
2
_nopi_),
(p_
nlpi- I qp - noq-\ =
jG
(45)
scattering from the sea waves as shown by the
convolution of the angular spectrum with the Fourier
transform of the complex degree of spectral coherence
where we use the two-dimensional vectors pi+ an(adPifor sea waves. By carrying out the convolution for
with components given by
the simple case of a single nonvanishing plane wave,
Eq. (49) becomes identical to Eq. (39).
qi- = qi -qi,
Pi- =Pi -Pi',
It is important to note that, if the Fourier transform
of the complex degree of spectral coherence in
(qi
+
qi')
(pi +pi,)
Eq.
(49)
is broader than the resealed angular specVi+=
2
Pi+=
2
2
trum for the incident light beam, then it is this
(46)
function that determines the width of the radiant
qiPiqi = qi+ + 2 '
A, =PI++ 2
intensity as a function of direction. Thus the diffraction of the beam from the surface waves determines
the spread of the scattered beam as it propagates
2i
qi = qi+ - 2i'
away from the sea surface and not simple refraction
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at the water-air interface as is usually assumed when
we deal with sea scatter problems. This should
occur for quasi-homogeneous sea wave statistics if
the correlation length for the fluctuations of the sea
waves is not long relative to the wavelength of
radiation. For light scattering from the usual ocean
waves this might not usually be the case, but it might
be for much longer wavelength radiation or in the
presence of extreme sea wave turbulence.
6. Conclusions
The scattering of coherent light from sea waves has
been treated by using the scattering theory in an
approximation that is a significant improvement over
the first Born approximation. In Section 3 we have
seen that this theory gives a result that is similar to
the usual geometrical optics refraction result if the
sea wave function is assumed to be deterministic.
This same calculation also gives the specular component
of the incident light that is transmitted by the wave
surface and the diffraction of the light waves that is due
to the effect of scattering from the sea waves.
The effects of diffraction that are due to the scattering of light from sea waves are best seen in the
statistical solution to the scattering problem that was
developed in Sections 4 and 5. Mathematically simple results were found for the radiant intensity for
both a single plane wave in Section 4 and for an
arbitrary beam field composed of a complete angular
spectrum of plane waves in Section 5. It was found
that, in addition to the effects of refraction that are
usually considered in the familiar theories based on
geometrical optics models, effects on the radiant
intensity that are due to diffraction by the sea waves.
For quasi-homogeneous sea waves these effects are
dependent only on the Fourier transform of the
complex degree of spectral coherence for sea wave
fluctuations on the sea's surface. The diffraction
effects can dominate the spread of the scattered light
beam as it propagates away from the sea surface if the
correlation length for the sea waves over the surface
is of the order of a wavelength of the incident
radiation or smaller.
This research was conducted while W. H. Carter
was a visiting scientist at the Johns Hopkins University Applied Physics Laboratory.
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